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This article presents an analytical investigation of the mobility of salts from contaminated
aggregates in concrete. Salt-contaminated aggregates may have varied effects on the
mechanical properties and durability of concrete. These depend primarily on the mobility
of salts within the concrete matrix. Existing diffusion-based models for the mobility of salts
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in concrete focus on their intrusion from external sources (e.g., chloride penetration from
deicing salts and brines). Such problems are well described by the closed-form solution
of Fick’s law for diffusion in one dimension from a continuous source. Salt-contaminated aggregates represent a case of diffusion from a finite internal source rather than intrusion from a
continuous external source. When the source is internal—as in the case of salt-contaminated
aggregates—diffusion occurs in three dimensions and the source is finite. The 1-D solution is
ill conditioned to model this problem, so new diffusion models must be introduced. This article presents two models of varying complexity that are well conditioned to model diffusion
of salts from contaminated aggregates. First, the problem is modeled using Fick’s law for the
simplified case of 3-D diffusion from an instantaneous point source in an infinite medium.
Contaminated aggregates are treated as infinitesimal slugs of diffusing material. The same
problem is then modeled using Fick’s law for the more realistic case of 3-D diffusion from an
instantaneous spherical source, where contaminated aggregates are treated as approximately spherical. The intent of this article is to present an academic discussion on how chloride ions might migrate within the concrete matrix if they are assumed to do so by diffusion
alone.

Keywords
diffusion, 3-D, salt, chloride, aggregate, contaminated

Copyright © 2019 by ASTM International, 100 Barr Harbor Drive, PO Box C700, West Conshohocken, PA 19428-2959

1

THOMAS ET AL. ON 3D DIFFUSION OF SALTS IN CONCRETE

2

Introduction
Chloride-induced corrosion in steel-reinforced concrete is a leading cause of infrastructure deterioration.1 This
phenomenon simultaneously results in section loss in the steel reinforcement2–4 and formation of expansive
corrosion products.3,5–8 The former mechanism immediately reduces structural capacity, while the latter exerts
cracking pressure on the concrete cover. The resulting cracks destroy the protection provided by the concrete
cover and render the structure more vulnerable to chloride intrusion and damage from freezing and thawing.
The high alkalinity of concrete normally results in the formation of a passive oxide layer on the surface of
steel reinforcement.2,3,9 This passivity breaks down in one of two cases: (1) in the case of carbonation, when
reduced pore solution alkalinity causes systematic breakdown,10,11 or (2) when the chloride concentration is
sufficient to cause localized breakdown.12–17 In the case of chloride-induced corrosion, breakdown of the passivity
of embedded steel occurs at some threshold level of chloride ion concentration.13 This critical concentration C*
depends mainly on the cement content of the concrete mixture and its alkali reserves,13 among many other
parameters.14 A wide range has been reported for C*.15 Absent any significant pH reduction, many sources suggest
C* near 0.4 % by mass of cement, while others suggest that the concept of a critical threshold level to predict
corrosion initiation is itself flawed.15
Major external sources of chlorides in normal concrete include deicing salts or brines (for concrete in colder
climates) and seawater (for concrete in marine environments). In both cases, chlorides intrude through the exposed surface into the concrete. Migration of ionic contaminants through concrete can occur by several mechanisms, including diffusion, absorption, and permeation.18 The latter two occur when a fluid laden with ions
either flows through the pore structure of concrete or intrudes into the concrete by capillary action. The former
is driven by a concentration gradient according to Fick’s second law, ∂∂Ct = DΔC, where D is the diffusivity, C is the
o
n 2
2
concentration of the ion of interest, t is time, and Δ = ∇2 = ∂∂x2 + · · · + ∂∂x2 is the Laplacian operator.
1

n

It should be noted that, since concrete is heterogeneous, the diffusivity D is more accurately referred to as the
apparent diffusivity as determined experimentally. A small diffusivity results in slower transport of ions. The
diffusivity decreases with the so-called quality of concrete, which is another way of saying that the same properties
that influence mechanical strength also influence the diffusivity. The apparent chloride diffusivity of concrete
depends mainly on the pore structure—the porosity, pore connectivity, and tortuosity—and for ordinary portland cement, concrete is normally in the range of 10−12 m2/s ≤ D ≤ 10−10 m2/s.19–21 Some sources have reported
diffusivities as low as 10−14 m2/s for concretes made with supplementary cementitious materials.19
Typical approaches to prevent or delay corrosion in steel-reinforced concrete include those that modify the
reinforcing material, those that modify the concrete material, or those that modify the concrete section. Steel
reinforcement can be protected with an impermeable coating (e.g., epoxy22–25 or zinc22,26,27) or replaced with a noncorroding alternative (e.g., stainless steel28,29 or fiber-reinforced polymer30–32). The concrete materials can be specified
to limit the background chloride concentration, and the diffusivity of the concrete can be improved to slow chloride
transport through it.2,33 Finally, the concrete section can be modified to provide increased cover thickness and further
delay the onset of corrosion. Advanced approaches like cathodic protection are also available.34–36
Limiting the background chloride concentration effectively increases the amount of chlorides that must
penetrate the concrete to initiate corrosion. The maximum allowable chloride concentration of aggregates for
use in structural concrete is determined from ACI 318, Building Code Requirements for Structural Concrete, which
limits the water-soluble chloride ion concentration by weight of cement, as shown in Table 1.37 The building code
provides stricter limits for prestressed concrete, where the design is far more sensitive to section loss in the
reinforcing steel. Limits range from 0.06 to 1.00 % by mass of cement. Meanwhile, the chloride threshold
for corrosion has been reported in the range 0.17–0.25 %.13 The allowable maximum concentration in
Table 1 considers the sum contribution from all mixture components. The allowable chloride concentration
in the aggregate therefore depends on the cement content and chloride concentration of the cement and
mix water and may be further limited when chloride-based admixtures are used. ASTM C1602, Standard
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TABLE 1
Maximum allowable water-soluble chloride concentration in concrete37
Allowable Maximum Chloride Concentration,
% by Weight of Cement
Exposure Class

Reinforced Concrete

Prestressed Concrete

C0: Dry or protected from moisture

1.00

0.06

C1: Exposed to moisture but not chlorides

0.30

0.06

C2: Exposed to moisture and chlorides

0.15

0.06

Specification for Mixing Water Used in the Production of Hydraulic Cement Concrete, dictates the maximum
chloride concentration in mixing water as 500 ppm for prestressed concrete or reinforced concrete bridge decks
and 1,000 ppm for other reinforced concrete,38 while ACI 318 simply states that mixing water “shall not contain
deleterious amounts of chloride ion.”37 Meanwhile, neither ACI 318 nor the relevant ASTM standard ASTM
C150, Standard Specification for Portland Cement,39 dictate the allowable chloride content in portland cement.
The effects of salt contaminants in concrete are varied and include degradation of the fresh, mechanical, and
durability properties as well as an increased susceptibility to corrosion of embedded steel (these effects are well
summarized by a recent review on this topic40). Nevertheless, there will be situations when the desire will arise to
ignore best practices and to use off-spec aggregates that are contaminated by salt. A few likely examples include
marine aggregates and reclaimed aggregates. It may be attractive to use marine aggregates in areas where highquality aggregates are in short supply. Seawater normally has a total salinity near 3.5 % and contains a number of
salts (most notably sodium and magnesium chlorides, which respectively contribute about 78 and 15 % of the
total salinity).41 Aggregates that encounter seawater or salt spray in their natural condition or during storage or
transport are therefore likely to contain a relatively high concentration of chlorides and other salts. Meanwhile,
efforts to improve sustainability have inspired research into the beneficial reuse of reclaimed concrete aggregate
(RCA) and reclaimed asphalt pavement (RAP) as aggregate in new concrete. A recent joint study between Utah
State University and University of Konstanz revealed that concern over potential contamination of reclaimed
aggregates is a primary barrier to their adoption within the United States.42 These concerns are echoed in
the literature.43,44 The contaminants likely to be present in RCA or RAP include those to which concrete is likely
to be exposed in service, e.g., sulfates, alkali-reactive minerals, and chlorides.
Because of the potential contribution of salts from contaminated aggregates to corrosion of reinforcing steel, it
will be useful to understand their fate and transport within the concrete matrix. This article first shows that existing
1-D solutions of Fick’s law used to describe chloride transport in concrete are ill-conditioned to model the problem
of salt-contaminated aggregates in concrete. It then introduces two 3-D solutions that are better suited to describe
the problem. The authors demonstrate manipulation of these solutions to assess how the sphere of influence within
which a salt-contaminated aggregate may contribute to corrosion initiation in steel-reinforced concrete. Finally, the
authors acknowledge several weaknesses of the analysis and discuss how they can be overcome through future work.
This article is an early step in developing a fundamental understanding of the mobility of salts from contaminated aggregates in concrete. The knowledge developed herein will help answer questions related to the suitability
for use in concrete of reclaimed aggregates that are potentially contaminated with salts or virgin aggregates from
marine climates that are contaminated with seawater or salt spray. The analysis presented here is also broadly
applicable to describe the mobility of any ionic contaminant that may be present within concrete or aggregates.

1-D Diffusion
The problem of 1-D diffusion from a continuous source in a semi-infinite medium is familiar to most concrete
professionals. This is the problem used to approximate the penetration of chloride ions into concrete from external sources. This is also the fundamental basis for the determination of the apparent chloride diffusivity D from
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the salt ponding test.45–47 The problem considers a continuous source, meaning that the source concentration is
constant with time. This is true for the salt ponding test, wherein the surface concentration is kept constant under
rigorous experimental control. Similarly, it is true for concrete that is continually exposed to seawater. It is less
true for concrete that is only occasionally exposed to seawater or deicing salts. In any case, diffusion occurs in a
single dimension z, which is the depth below some surface that is exposed to chloride ions.
Crank48 gives the concentration gradient C (z, t) resulting from a continuous source concentration C0(t) = C0
in a semi-infinite medium with diffusivity D as follows:




Cðz, tÞ
z
z
= erfc pﬃﬃﬃﬃﬃﬃﬃﬃ = 1 − erf pﬃﬃﬃﬃﬃﬃﬃﬃ
Cs
4Dt
4Dt

(1)

where Cs is the concentration at the exposed surface, which, incidentally, is not equivalent to the source concentration C0. This is illustrated in figure 1 for Dt ∈ {10−3, 100, 103}. Figure 2 shows contour plots of the same
cases. The first and third cases show the general behavior as Dt → 0 or Dt → ∞, respectively. It can easily be seen
that, since the source is continuous, the equilibrium condition is the uniform concentration Cs:
limt→∞ Cðz, tÞ = Cs

FIG. 1
Normalized
concentration gradients
for 1-D diffusion from a
continuous source in a
semi-infinite medium.

FIG. 2
Contour plots of
normalized
concentration gradients
for 1-D diffusion from a
continuous source in a
semi-infinite medium.
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In this and following discussions, the authors present figures without units. This is done for convenience so
that the various effects can be shown more generally. The reader will recall that the diffusivity D has units of area
per time, and the concentration has units of mass per volume. If the units of length, mass, and time are meters,
grams, and seconds, respectively, the units of concentration and diffusivity are parts per million (g/m3) and m2/s,
respectively. Diffusivities of concrete are normally 10−10 m2/s or lower. The quantity Dt has units of area and can
be taken as an indication of the timescale relative to the diffusivity.
Concentration gradients of the kind presented in figures 1 and 2 are generally representative of those observed
for in–service concrete49–51 and ponding tests,45 although discrepancies are often noted near the exposed surface.52,53
The problem of 1-D diffusion in concrete has been discussed at length throughout the literature
(e.g., Thomas and Bamforth,19 Luping and Gulikers,21 McGrath and Hooton,45 and Snyder54), so the preceding
discussion is in some ways superfluous. However, its inclusion draws attention to several fundamental differences
between the classic problem of diffusion of chloride ions in concrete and the new problem of diffusion of chlorides
from salt-contaminated aggregates. The first difference relates to the location of the source. The 1-D problem
considers an external source: seawater exposure, deicing salts and brines, or other sources that penetrate through
the concrete surface. Meanwhile, salt-contaminated aggregates represent an internal source. This reveals the second difference in the two problems, which is the dimensionality of the problem. Since external sources penetrate
through the concrete surface, diffusion occurs in one dimension (C = C (z)). An internal source diffuses in three
dimensions (C = C (x, y, z) in Cartesian systems or C (r, θ, ϕ) in spherical systems, where the latter often reduces
to C (r)). Finally, the 1-D problem considers a continuous source—one whose concentration does not degrade
with time and thus theoretically provides an infinite mass of diffusing material. Meanwhile, salt-contaminated
aggregates contain a finite mass of salt and thus represent an instantaneous source—one whose concentration is
time dependent. Although equation (1) gives an accurate description of the salt ponding problem, it is ill-conditioned to describe the mobility of chlorides from salt-contaminated aggregates. The following sections introduce
two models of increasing complexity that are better conditioned to handle this emerging problem.

3-D Diffusion
The following discussions demonstrate 3-D diffusion models for application to the problem of diffusive transport
of salts from contaminated aggregates. The assumption that the diffusivity is not directionally dependent, i.e.,
Dx = Dy = Dz = D, allows for the mathematical treatment of a single spatial variable r, the radial distance from the
source, where r2 = x2 + y2 + z2.
3-D DIFFUSION FROM AN INSTANTANEOUS POINT SOURCE IN AN INFINITE MEDIUM

Consider an instantaneous point source—an infinitesimal slug of diffusing material. The instantaneous point
source contains a finite mass M of diffusing material within a volume V = 0; the initial concentration is therefore
C0 = ∞. Crank48 gives the concentration C at time t and location r as the following:
Cðr, tÞ =

M
r2
· e−4Dt
3=2
ð4πDtÞ

(3)

The concentration at the point source is then as follows:
C max ðtÞ = Cðr = 0, tÞ =

M
ð4πDtÞ3=2

(4)

Then:
r2

Cðr, tÞ = C max ðtÞe−4Dt

Copyright © 2019 by ASTM International, 100 Barr Harbor Drive,
PO Box C700,
West Engineering
Conshohocken, PA
19428-2959
Advances
in Civil
Materials

(5)

THOMAS ET AL. ON 3D DIFFUSION OF SALTS IN CONCRETE

6

The equilibrium condition C∞ is solved by taking the limit of equation (3) as t → ∞:
C ∞ = limt→∞ Cðr, tÞ = 0

(6)

This condition arises from the consideration of a finite source in an infinite medium. The true equilibrium
condition, considering some finite volume V within which the point source diffuses, is C∞ = M/V. Nevertheless,
this is in stark contrast to the equilibrium condition in the 1-D problem with a continuous source, which converges to the uniform concentration C0.
Figure 3 shows the relative concentration C/M for 3-D diffusion from an instantaneous point source in an
infinite medium as a function of the distance r from the source for various Dt. The concentration is constant near
the source and then decreases sharply at some distance r from the source. The distance from the source at which
the concentration decreases varies with the time scale Dt and ranges from r = 10−2 for Dt = 10−3 to r = 104 for
Dt = 103. In the latter case, the concentration in the constant region is very low (C/M < 10−5). One of the major
problems with this model is that when Dt is very small, this distance may be much smaller than the typical
diameter of an aggregate. Thus, the model predicts zero concentration in an area that is known to be occupied
by a salt-contaminated aggregate.
Figure 4 shows contour plots of the same concentration fields shown in figure 3. The concentration field
predicted by the 3-D point source model and shown in both figures is starkly different from that predicted by the
1-D model (fig. 1), highlighting the importance of introducing the 3-D diffusion models.
It is also interesting to look at the maximum concentration Cmax = C(r = 0, t) as defined by equation (4).
Figure 5 shows the normalized maximum concentration Cmax/M as a function of the time scale Dt for 3-D
diffusion from an instantaneous point source. The maximum concentration shows a logarithmic decrease with
time, from Cmax/M > 1010 when Dt = 10−10 to Cmax/M < 10−10 when Dt = 1010. As discussed above, the model
predicts that Cmax → 0 as Dt → ∞ because it assumes an infinite medium. In practice, the system approaches the
equilibrium concentration C∞ = M/V.
The point source model is attractive for the problem of salt-contaminated aggregates mainly because of its
relative mathematical simplicity. Aggregates do have volume, and to model them as infinitesimal slugs of diffusing
material is in many ways problematic, especially given the assumption of infinite initial concentration that follows. Fick’s law states that the diffusion flux is proportional to the concentration gradient (i.e., ∂C/ ∂t = DΔC).
The predicted diffusion flux is greatly accelerated under the assumption of infinite initial concentration, and the
point source model will therefore overestimate both the rate of diffusion of salts from contaminated aggregates
and the concentration of salts at any given time. The point source model may underestimate the concentration

FIG. 3
Normalized
concentration gradients
for 3-D diffusion from an
instantaneous point
source in an infinite
medium.
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FIG. 4
Contour plots of
normalized
concentration gradients
for 3-D diffusion from an
instantaneous point
source in an infinite
medium (source at
r = 0; r2 = x2 + y2 + z2).
(A) Dt = 10−3 m2;
(B) Dt = 100 m2;
(C) Dt = 103 m2.

FIG. 5
Maximum concentration
for 3-D diffusion from an
instantaneous point
source in an infinite
medium.

depending on the location relative to the assumed aggregate radius. Consideration of a volumetric source, as in the
following section, offers a more accurate representation of the problem at the expense of an increase in mathematical complexity.
3-D DIFFUSION FROM AN INSTANTANEOUS SPHERICAL SOURCE IN AN INFINITE MEDIUM

The previous discussion is predicated on the assumption that an aggregate with a finite volume and finite concentration of salt can be effectively modeled as an infinitesimal source of infinite concentration. Consider instead
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FIG. 6
Normalized
concentration gradients
for 3-D diffusion from an
instantaneous spherical
source in an infinite
medium.

an instantaneous spherical source—a sphere of radius a and volume V with a finite and uniform concentration
C0 of diffusing material. Crank48 gives the concentration field C (r, t) as follows*:
rﬃﬃﬃﬃﬃ



ða+rÞ2
1
a+r
a−r
C 0 Dt −ða−rÞ2
−
4Dt
4Dt
e
−e
Cðr, tÞ = C 0 erf pﬃﬃﬃﬃﬃ + erf pﬃﬃﬃﬃﬃ −
2
π
r
2 Dt
2 Dt
This can be rewritten more succinctly as the following:
rﬃﬃﬃﬃﬃﬃﬃ
Cðr, tÞ erf αðr, tÞ erf βðr, tÞ
Dt −β2 ðr, tÞ
2
=
− e−α ðr, tÞ Þ
ðe
+
−
C0
2
2
πr2

(7)

(8)

where:
a+r
αðr, tÞ = pﬃﬃﬃﬃﬃ
2 Dt

a−r
βðr, tÞ = pﬃﬃﬃﬃﬃ
2 Dt

(9)

The highest concentration to which the cementitious matrix or embedded steel may come in contact is at the
surface of the aggregate. Recognizing that:
a
limr→a αðr, tÞ = pﬃﬃﬃﬃﬃ
Dt

limr→a βðr, tÞ = 0

(10)

and that erf ð0Þ = 0, the surface concentration C s ðtÞ = Cðr = a, tÞ is as follows:
C s ðtÞ erf pﬃﬃﬃﬃ
Dt
=
−
2
C0
a

rﬃﬃﬃﬃﬃﬃﬃ
Dt
a2
2e −
Dt
πa

(11)

The initial concentration C0 is the quotient of the mass of diffusing material and the volume of the spherical
particle. Equations (7), (8), and (11) can thus be written in terms of the mass M:
M=

4πa3
C0
3

C0 =

3M
4πa3

(12)

Figure 6 shows the relative concentration C/C0 for an instantaneous spherical source in an instantaneous
medium as a function of the relative distance r/a from the centroid of the source and the product of time and
*Many copies of Crank48 erroneously list the numerator of the second error function term as a + r instead of a − r.
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diffusivity Dt. The concentration remains uniform inside the source (r/a ≤ 1), regardless of Dt. When Dt is small,
having the practical meaning that the time scale is small relative to the diffusivity, the concentration degrades
quickly near the surface of the source particle. Conversely, when Dt is large, the uniform concentration extends a
great distance into the medium. Contour plots of the same relationships are shown in figure 7.
Figure 8 shows that the surface concentration of the spherical source increases with the source radius a and
pﬃﬃﬃﬃﬃ
is inversely related to the square root of time and diffusivity Dt . For relatively large source radii or at small time
pﬃﬃﬃﬃﬃ
scales, i.e., a= Dt ≥ 1, the surface concentration approaches the initial concentration C0. Conversely, for small
pﬃﬃﬃﬃﬃ
source radii or large time scales relative to the diffusivity (a= Dt ≤ 1), the surface concentration decreases

FIG. 7
Contour plots of
normalized
concentration gradients
for 3-D diffusion from an
instantaneous spherical
source in an infinite
medium (source at
r = 0; r2 = x2 + y2 + z2).
(A) Dt = 10−3 m2;
(B) Dt = 100 m2;
(C) Dt = 103 m2.

FIG. 8
Surface concentration
Cs = C (r = a) for 3-D
diffusion from an
instantaneous spherical
source in an infinite
medium.
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exponentially. The practical implication is that the concentration of salts at the surface of contaminated aggregates will degrade much more quickly for smaller aggregates. This stands to reason, as the surface area increases
relative to the mass of salt for smaller particle sizes.
It also stands to reason that the spherical source model should converge to the point source model as the
source radius decreases (i.e., as a → 0). This can be shown mathematically by noting equation (11) and the definition of the error function:
2
erf z ≡ pﬃﬃﬃ
π

Z

z

e−t dt
2

(13)

0

This solution is not trivial, and it is more convenient to show convergence graphically. Figure 9 shows the
concentration gradients for the point source model and the spherical source model with decreasing a for a system
with unit mass, diffusivity, and time. The figure illustrates that, as the size of the spherical source decreases, the
spherical source model approaches the point source model. The figure shows the effect of decreasing size with
constant mass, but the effect is the same as the initial concentration increases (C0 → ∞). The practical implication
is that, while the point source model is in many ways deficient, its suitability for modeling the transport of salts
from contaminated aggregates improves for smaller aggregates or those with higher initial salt concentrations.
The error increases with a2 or with the volume of the spherical source. At worst, the error in figure 9 is 0.15 %
when a = 0.1 but increases to 15 % when a = 1. The error may be several orders of magnitude when a is large or
when C0 is small. Note that references here to small or large a and C0 are relative to D or t.
The spherical source model is an improvement over the point source model, particularly for larger or more
weakly contaminated aggregates. However, it still requires experimental validation to assess its ability to model
the transport of salts from contaminated aggregates. There are also a few remaining problems with the underlying
assumptions. These will be discussed later in the manuscript.
AFFECTED RADIUS

The initiation of corrosion in steel-reinforced concrete depends on some chloride concentration threshold. It is
therefore convenient to define the affected radius or volume—the region around a single salt-contaminated aggregate within which the concentration exceeds that critical value. If C* is the critical concentration, the affected
radius is r* = r:{C(r ≤ r*) ≥ C*}. This is illustrated in figure 10.
In this context, the concept of affected radius is analogous to the idea of a protected paste region in internally
cured concrete. The protected paste region55,56 describes the region around a saturated lightweight aggregate
within which the degree of saturation is enough to mitigate self-desiccation. The affected volume similarly

FIG. 9
The spherical source
model (a = 0.1, 0.5, 1)
converges to the point
source model (a = 0) as
a → 0.
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FIG. 10
Affected radius.

describes the region around an aggregate within which the concentration of chloride is enough to initiate breakdown of the passivity of reinforcing steel and subsequent corrosion. It should be noted before moving on from this
analogy that, while a large protected paste region is desirable because it is indicative of a higher level of protection
against autogenous shrinkage, a low affected volume is desirable in the case of salt-contaminated aggregates because it suggests a lesser chance of corrosion problems.
Computing the affected radius also has broad experimental applications. Several authors have demonstrated the colorimetric indication of chloride penetration depth in concrete using silver nitrate on its own
or in conjunction with fluorescein or potassium chromate.57–63 Each of these colorimetric indicators change
color when exposed to chloride above some critical concentration. These methods are typically used for qualitative analysis of the comparative diffusivity of concrete mixtures; those that experience a higher depth of penetration, as indicated by color change, have a higher apparent diffusivity. However, by understanding the
relationship between source concentration, critical concentration, and affected radius, these colorimetric indicators can be used to infer the diffusivity of concrete (or other media) without extensive titration analyses. The
development of the following equations will therefore be of great utility in developing 3-D diffusion experiments
in future work.
Solutions for the affected radii for the cases of instantaneous point and spherical sources in infinite media are
given as follows. These are solved from the concentration fields taken from Crank.48 While Crank provides the
concentration fields, he does not solve for or discuss affected radii. In fact, a thorough review of literature citing
Crank does not reveal any such solutions or references to the idea of an affected radius. This is not to say that any
great advancement has been made in the present work, but rather to point out that this concept may be new and is
certainly worthy of consideration for the present application.
The mathematical formulation for the concentration field caused by 3-D diffusion from an instantaneous
point source in an infinite medium is given by equation (3). The affected radius for a point source is found by
solving for r:
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
ﬃ sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 
C
3
C
r ðC , tÞ = −4Dt · ln
· ð4πDtÞ = −4Dt · ln
2
M
C max ðtÞ




(14)

Figure 11 shows the affected radius as a function of Dt for various critical concentrations relative to the mass

C*/M. The affected radius increases with log (Dt) up to some maximum as the substance diffuses further into the
medium. The affected radius reaches some maximum value, after which it decreases rapidly to zero as the degree
of dilution brings the concentration below the critical value. The maximum affected radius can be determined by
differentiating equation (14) and solving for Dt: ∂r*/ ∂Dt = 0. Similarly, the value of Dt at which r* → 0 could be
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FIG. 11
Affected radius for
instantaneous point
source in an infinite
medium.

found algebraically. Both depend only on C*/M. These calculations are not presented here for the sake of brevity,
but some graphical observations are useful. In the most conservative case, where C* = 1,000M, the affected radius
reaches a maximum of about 5 for Dt of the order 100 and goes to 0 as Dt → 101. As C* increases relative to M,
both the maximum affected radius and the time at which it occurs are reduced. The physical meaning of C*/M is
not completely intuitive because of the point source assumption, but an example is useful. Consider a spherical
aggregate of diameter 2a and initial concentration C0 that is approximated as a point source. The mass is
3

3M
M = 4πa
3 C 0 or, conversely, the initial concentration is C 0 = 4πa3 . For a 10-mm diameter spherical aggregate,

C* = 1,000M is approximately the same as C0 = 2C*, or the contamination level of the aggregate, by mass, is
twice the critical concentration C*, by mass of concrete.
Similarly, the mathematical formulation for the concentration field caused by 3-D diffusion from an instantaneous spherical source in an infinite medium is given by equation (7). The complexity of the spherical source
model—with its error function and exponential terms on r—makes its solution for r inconvenient. It is, however,
trivial to solve for the affected radius numerically.† Thus computed, figure 12 shows the affected radius normalized by the source radius r*/a and for various critical concentrations relative to the initial concentration C*/C0. For
the most conservative case, where C0 = 1,000C*, the affected radius reaches a maximum of about rmax ≈ 7a for
Dt ≈ 101 and decreases to 0 quickly thereafter. Volume increases with the radius cubed, meaning that in this
conservative case, the maximum region within which the concentration exceeds the critical value is nearly
350 times the initial volume of the source. The practical implication is that when the salt concentration of a
contaminated aggregate is very large relative to the chloride threshold level, each aggregate can render an
extremely large region of the concrete susceptible to corrosion. However, this scenario is extremely unlikely
in practice and would almost certainly result in instantaneous initiation of corrosion. The maximum affected
radius is only about 2 when C0 = 10C*. In practice, this means that the affected volume is only about 8 times
the initial aggregate volume when the salt concentration in the aggregate is 10 times the chloride threshold level
(for example, if the chloride threshold C* is 0.01 % by mass of concrete and the aggregate contamination level is
0.1 % by mass).
Figure 13 shows contour plots of affected radii for point and spherical sources. Figure 13A shows the affected radius r* for a point source as a function of C*/M and Dt. Figure 13B shows the normalized affected radius
r*/a for a spherical source as a function of C*/C0 and Dt. Both show the general trend of affected radius, which
decreases with critical concentration and increases with time until some maximum, after which it decreases
†

Note that Figure 13 can also be produced numerically, giving identical results.
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FIG. 12
Affected radius for
instantaneous spherical
source in an infinite
medium.

FIG. 13
Contour plot of affected
radius for instantaneous
sources in an infinite
medium: (A) point
source; (B) spherical
source.
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rapidly to zero. For the spherical source, the affected radius is naturally zero when C* > C0. No such zero region is
observed for the point source because the infinitesimal assumption forces normalization by the mass and not the
initial concentration. These figures show that the affected radius can be very large (r* > 10a) when the level of salt
contamination in the aggregate is very high relative to the threshold level for corrosion. However, when the
concentration of the aggregate is at or near the threshold level, the region of influence is confined to the aggregate
itself (r* ≤ a). The reader will note that r* ≤ a has the practical meaning that the only place where the concentration exceeds the threshold level is inside the aggregate itself.
It should further be noted that, aside from the differences in normalization, the only practical difference
between figure 13A and 13B is that the affected radius goes to zero at smaller Dt for the point source than for the
spherical source. This results from the acceleration of diffusion under the point source model, as discussed previously in “3-D Diffusion.” The assumption that the point source is infinitesimal means that the prediction for the
affected radius will start out much smaller but reach its maximum more quickly. In general, the affected radius for
the spherical source will be larger than that for the point source. As with the concentration gradients shown in
figure 9, the affected radii for the spherical source model approach the point source solution as a → 0 or as
C0 → ∞, although this is not shown here. In practice, this means that the simpler point source model is more
accurate for smaller or more highly concentrated aggregates.
TIME-DEPENDENT DIFFUSIVITY

The preceding discussion makes several problematic assumptions. One of the most glaring of these is that the
analyses consider a constant diffusivity. The diffusivity in hardened concrete is known to decrease approximately
logarithmically with time.19 At first blush, this seems trivial: D becomes D (t) in equations (3) and (7), and the
computations become slightly more complex. However, this is mathematically incorrect because it does not satisfy
Fick’s second law, ∂C/ ∂t = DΔC.
Crank48 summarizes the solution process for a time-dependent diffusivity D = D (t). Consider the differential
equation:
dT = DðtÞdt

(15)

Then, Fick’s second law becomes the following:
∂C
= ΔC
∂T

(16)

As expected, equation (15) is equivalent to Fick’s law when D is constant.
MULTIPLE SOURCES

Another deficit in the point and spherical source analyses is that they consider only a single source in an infinite
medium. Concrete made with salt-contaminated aggregates includes potentially millions of sources per cubic
meter. These vary in size and shape but are approximately uniform in initial concentration and follow a somewhat
regular spacing.
Superposition (fig. 14) is a simple, albeit fundamentally flawed way to model the concentration fields for
multiple salt-contaminated aggregates. The matrix of aggregates discussed previously presents a network of
opposing concentration gradients. Fick states that the diffusion flux is proportional to the concentration gradient, so these are opposing concentration gradients. Superposition does not consider the effect of these opposing concentration gradients. The result is that superposition will underestimate the time required to approach
the equilibrium condition (i.e., at t → ∞, the concentration necessarily approaches some constant value
C∞ = Mtot/Vconcrete, where Mtot is the total mass of diffusing material (salt) in all particles, and Vconcrete is
the total volume of concrete). In practice, this will underestimate the concentration near the particles and overestimate it remotely from the particles. That superposition is so fundamentally ill-conditioned that to model
diffusion from multiple sources will likely mean that the inaccuracy will outweigh the simplicity. An analytical
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FIG. 14 Superposition to model concentration gradients from multiple sources (not to scale).

solution that will consider the effects of transient opposing concentration gradients is preferred. The authors are
continuing to work toward this goal.
ADDITIONAL PROBLEMS WITH THE ANALYSIS

Previous sections elaborated on the mathematical treatment for consideration of time-dependent diffusivity, but
the diffusivity is also dependent on moisture content. This is most obvious for fresh concrete, where the very high
moisture content means that the diffusivity of salts in the mixture is extremely high. The analytical model does not
consider the effects of chloride binding, nor the presence of chlorides within the mortar matrix. Both of these will
affect the concentration gradient that drives diffusion.
As previously discussed, the point source model considers only an infinitesimal mass of salt. This assumption
is acceptable for very small aggregates wherein the initial concentration is large, but the accuracy of the model
suffers as the aggregate size increases. This is problematic because the aggregate size is not likely uniform; this
shortcoming also affects the utility of the spherical source model. The spherical source model further assumes a
uniform initial concentration. In practice, salts are expected to be more concentrated at the surface of the contaminated aggregates. It is also unrealistic to assume that aggregates are of a uniform shape, although the spherical
assumption is likely acceptable given specified limitations on aspect ratio.
The analysis assumes that all salts present in the aggregates are free and not chemically bound. It also fails
to consider that some salts that diffuse from the contaminated aggregate may become bound within the concrete
matrix. Some chlorides become chemically bound to reaction products within the cement paste matrix.64–66
These bound chlorides should not be considered part of the transport problem. Similarly, some chlorides within
the aggregates are likely to be bound, so the initial aggregate concentration should be considered as the watersoluble (free) chloride content rather than the acid-soluble (total) concentration. The analysis can easily be
modified such that the initial concentration C0 is the free salt concentration in the aggregate. However, it
is not clear whether bound salts within the concrete matrix fully contribute to the concentration gradient that
drives further diffusion.
Furthermore, it is possible and often convenient to model diffusion problems using the finite element
method. It is unknown if the proposed analytical analysis provides any better information than a simple
sensitivity analysis using the finite element method. Future work will compare results from analytical
and finite element analyses to answer this question. Future work will also seek to determine the impact
of the point source assumption on the accuracy of the predicted concentration field, helping to determine
whether the improvement in accuracy outweighs the increased mathematical complexity of the spherical
source model.

Summary and Conclusions
Typically, discussions of diffusion in concrete relate to the intrusion of salts into concrete from external sources.
Thus, existing analytical descriptions of diffusion in concrete consider 1-D diffusion from a continuous source. This
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solution is ill-conditioned to describe the diffusion of salts from internal sources like contaminated aggregates,
which are a finite source and diffuse in three dimensions. This article explores two 3-D models that offer a more
realistic description of the problem. The first is for 3-D diffusion from an instantaneous point source in an infinite
medium and models a salt-contaminated aggregate as an infinitesimal slug with a finite mass of salt. The second is
for 3-D diffusion from an instantaneous spherical source in an infinite medium, which models a salt-contaminated
aggregate as a spherical solid with a uniform and finite concentration of salt. The point source model provides a
more mathematically simple description of the problem at the cost of inaccuracy resulting from the assumption that
the aggregate source is infinitesimal. Meanwhile, the spherical source model provides a more realistic description of
the physical problem, but the mathematics are more complex. Both models are limited in that (1) they only model
diffusion from a single source rather than multiple sources at a semiregular interval, and (2) they consider a constant diffusivity rather than one that depends on age of concrete or moisture content.
The article introduces equations to describe the concentration fields in both the point source and spherical
source problems, as given by Crank48 in 1979. The authors then introduce the concept of and solve for the affected
radius, which describes the region around a salt-contaminated aggregate within which the salt concentration
exceeds some critical value. Since the initiation of corrosion in steel-reinforced concrete depends on exceeding
some chloride concentration threshold, this is of great utility. Wherever possible, the authors draw attention to
major flaws in the underlying assumptions for these models, including the consideration of a constant diffusivity
and a single source in an infinite medium. The article presents mathematical foundations for revising the analysis
to consider multiple sources and a time-dependent diffusivity. Despite these and other faults in the assumptions,
this work represents a first step toward an analytical description of the mobility of salts from contaminated aggregates in concrete. Future work will seek to (1) address the limitations described above and (2) validate the
model using experimental evidence and numerical simulations.
The major remaining question is what does this mean for concrete made with salt-contaminated aggregates?
That question demands a discussion at least as long as this and, for the sake of brevity, will be answered elsewhere.
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